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k. Then we can prove that Splcpx^ is smooth and has a symplectic structure. 



Abstract. For an abelian or a projective K3 surface X over an algebraically closed field k, consider the 
moduli space Splcpx^ fe of the objects E in D b (Coh(X)) satisfying Ext^ 1 ^, E) = and Hom(i?, E) 

k. Then we can prove that Splcpx^ 

(N 



1. Introduction 

It was proved by Mukai in [5J that the moduli space of simple sheaves on an abelian or a projective 
K3 surface is smooth and has a symplectic structure. We will generalize this result to the moduli space 
of objects in the derived category of coherent sheaves, which is introduced in [3J. By [[?], Theorem 4.4], 
• the moduli space of (semi)stable objects with respect to a strict ample sequence in a derived category 

of coherent sheaves on an abelian or a projective K3 surface gives examples of projective symplectic 
varieties. 

In the proof of the main results, we will use the the trace map that also played a key role in [6]. 
More precisely, we will calculate the image by the trace map of the obstruction class for the deformation 
of complexes of coherent sheaves. So the idea of the proof of this paper is the same as that of [B]. 
However, the calculation of the trace map, without any preparation, seems to be too complicated. For 
\ this reason, we will reconsider in section 2 the definition of the obstruction class for the deformation of 

vector bundles. By virtue of this consideration (Lemma 12.31) in section 2, the calculation of the trace 
map becomes clear and the main result can be deduced from it. 

The content of this paper was originally written as an appendix of [1] . However there was a mistake 
in the proof of the smoothness of Splcpx^y fc . In this paper the author corrects the mistake. 

2. Obstruction classes for the deformation of vector bundles 

First we recall the obstruction theory of the deformation of objects in the derived category of bounded 
r> | complexes of coherent sheaves. 

Let S be a noetherian scheme and X be a projective scheme flat over S. We fix an S-ample line 
bundle 0x(l) on X. Let A be an artinian local ring over S with residue field k = A/m and I be an 
ideal of A such that ml — 0. Take a bounded complex E* of ^4/7-flat coherent sheaves on X A /j. Then 
there are integers I, I' such that E l = for i < I' and i > I. We can take a complex V* = (V 1 , d % ) of the 
form V % = Vi <E) Ox A/I (—mi) and a quasi-isomorphism V —}E', where Vi are free A modules of finite 
rank, Vi — for i > I and 1-CmjC mi—i <C • ■ ■ <C nii+i <C rrii <C • • • . Take lifts 

<? : Vi ® Ox A {-rrn) -> V i+1 <8> Ox A {-m i+x ) 

of the homomorphisms 

cf : Vi <g> Ox A/I (-m,i) -)• V i+ i ® Ox A/I {-m i+1 ). 
Then we obtain homomorphisms 

5* := d i+1 o d l : V ® 0x,(-m t ) -> I ® A V i+2 ® Ox A (-m l+2 ). 

We put 

w(ET) := [{S 1 }} G H 2 (Rom(V,V ®I)) = Ext 2 {E m ® k, E* ® k) ® k I. 

Proposition 2.1. ui(E*) = if and only if E* can be lifted to an object of D b (Coh(XA)) of finite Tor 
dimension over A. 
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(Proof is in [[3], Proposition 2.3].) 

For a vector bundle, there is another definition of the obstruction class. Let F be a locally free sheaf 
of rank r on X A /j. Take an affine open covering {U a } of Xa such that F\u a = O® 7 ^ A /j for any a. 
Let F a be a free 0(7 Q -module such that F a (g) A/I = F\u a . Take a lift <pp a : F a \u af3 — > Fp\u aP of the 
composite 

F a ® A/I\ Ua „ ^ F\ VaP ^ F p ®A/I\ Uaff , 
where U a p := U a C\Up. We put 

8 a 0-y ■= <P^a ° <Pj0 ° Vft* ~ idF Q : F a \ UaM — ► J® F a \ Ua ^, 
where C/ Q( g 7 := U a fl JTg n J7 7 . Then the cohomology class 

o(F) := [{8 af}l }] G H 2 {Snd{F) ® I) = Ext 2 (F, F (g> 7) 
can be defined. As is stated in [pQ, III, Proposition 7.1], we have the following proposition. 
Proposition 2.2. o(F) — if and only if F can be lifted to a locally free sheaf on Xa- 

A vector bundle F on X A /i can be considered as the object of D b (Coh(XA/i)) whose 0-th component 
is F and the other components are zero. We will show that ui(F) and o(F) are the same element in 
Ext 2 (F,F® I). 

We take a resolution of F by locally free sheaves: 

> y 2 y 1 JLy yO J"^ p — ^ q, 

where each F l is isomorphic to V% <g) Ox A/I (—iTii) for a free A-module V* of finite rank and 1 <C mo <C 
mi < ■ • ■ < trii < Wj+i <C • • • . Then we have a quasi-isomorphism TLom(F, F)<S>7 — > Horn' (V , F)(g)7. 
Let 

Hom(F, F) ® J -> C'(Hom(F, F) <g> J) 
be the Cech resolution of Hom(F, F) (g) 7 with respect to the covering {C/ Q } and 

Horn* ( V , F) (g> 7 -> C* (Horn' (V",F) ® I) 
be that of Horn* (V , F) ® 7. Then we obtain a composition of isomorphisms 

/ : F 2 (Hom*(V, F)) H 2 (C*(^om*(F*, F) g> /)) H 2 (£nd(F) g> 7), 
where C* (Horn' (V , F) ® I) = T(X, C (Horn' (V , F) ® 7)). 

Lemma 2.3. Under the above assumption and notation, we have /(w(F)) = o(F). 

Proof. First note that the element w(F) is defined by 

W (F) = [{(7r®id/) o (J 1 o J 2 )}] e 77 2 (Hom*(F',F<g)7)), 

where cf : V* ® Ox A {—mi) — )• V^+i ® 0x A (-m, + i) is a lift of cf . Replacing {J7 a } by its refinement, we 
may assume that kerd 2 \u a , imd 2 \u a , imd 1 \ Ua , V 2 <8> Ox A/J (— Ti 2 )|f/„, Vi (g> Ox A/I (—mi)\u a and F|j/ a 
are all free sheaves. Then the exact sequences 

0— ►kerdV ±+V 2 ®Ox A/J (-m2)\ Ua ^mid 2 \ Ua — ► 0, 

0— ►imd 2 | t/ ,, Jl>^i®0 Xjl// (-nn)k -^imrf 1 !^ — ► 0, 

0— ►W^,, -^^o^Ox^C-mo)!^ F\ Ua — > 

split and we can take free 0[/ Q -modules F a , If, /J such that F a ®A/I = F|j/ q and 7" <g>yl/7 = imcf 1 ^ 
for i = 1,2. Taking lifts Iq, z", 7r Q , p", pS? °f *o, « i , 7r|c/ Q , Pi, P2, we obtain splitting exact sequences 

— > kerp£ — > F 2 ® 0x A (-m 2 )k ^> 7 2 Q — ► 0, 

— > 7" Vi ® Ox A (-mx)|^ 7? — > 0, 

— >• 7f F 8i Ox A (-mo)\u a F Q — > 0. 
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Let 



S£ :/ 2 Q —>V 2 ®Ox A (-m2)\u a , 



f? :V 1 »Ox A (-mi)\u a 
f? : V ®Ox A (-mo)\u a 



ja ~a . jet 

I", v a : F a 



Vi®Ox A {-m{)\ Va 
>Vo®Ox A {-m )\ Ua 



be splittings. Put 



d 2 a : V 2 ® Ox A (-m 2 )\u a 



P2 , m H . 



V 1 2>Ox A {-m 1 )\ Ua , 



dl : V^OxA-mJlu. ^ I? ^V Q ® Ox A {-™o)\u a , 



"*I?^Vi®OxA-mi)\u a 

TO. S 2 



<J a ■ Vi®OxA-mi)\u a 4° ^2 ®OxA-m 2 )\ Ua . 



We consider the following diagram: 

Kom{V°,F®I) 
i 

C°(Hom(V°,F®I)) - 
I 

C^HomiV^F^I)) - 
I 

C 2 CHom(V°,F®I)) - 



Hom(V\ F O 7) 
I 

C°(«oro(V 1 ,F(8iI)) 
C 1 (Hom(y 1 , J F 1 ®/)) 
C 2 (Hom(V\F®I)) 



Rom(V 2 ,F®I) 
I 

C^Hom^ 2 ,^® /)) 
i 

C 1 (Uom(V' 2 ,F ®/)) 
I 

C 2 (Hoto(V 2 ,F®/)), 



where we put V 4 := V- <g> O^f-m,) for i = 0,1,2. The image of u{F) in H 2 (C (Horn* (V , F) ® I)) 
can be represented by 

{(tt ® id/) o J 1 o J 2 !^ } g C°(Hom(V 2 ,F) ® J), 
which defines the same clement in H^C^'Hom'tV*, F) ® /)) as 

{(tt ® id/) o d 1 o J 2 o (cr Q - a^)} G C 1 {nom{V\ F) ® 7). 
On the other hand, the image of the element 

{(tt ® id/) o (dl - d 1 o (1 - d 2 a a )) } G C°(Hom(y 1 , F) ® I) 
by the homomorphism C°(ftom(V\ F) ® I) -> C*°(Hoto(V 2 , F) ® I) is 

|(tt<8> id/)(4 o d 2 - J 1 o rf 2 + J 1 o J 2 o cr Q o d 2 ) j 
|(7T ® id/) o d 2 a + d 1 o d 2 o cr« o d 2 ) I 

{(tt ® id/) o rf 2 + d 1 o J 2 oi^o^o^ op«) } 

|(tt<8> id/) o d 2 o S£ o p« + d 1 o d 2 o s£ o p«) | 

{(tt ® id/) o d 1 o (J 2 - d 2 ) os^og} 



{(tt ® id/) o (4 - J 1 o (1 - d 2 o cr Q )) o rf 2 } = 



0. 



Since 



|(7T ® id/) o J 1 o J 2 o (er Q - erg) j + d|(7T ® id/) o (d* - J 1 o (1 - J 2 o er Q )^ | 
= |(7T ® id/) o J 1 o J 2 o (cr a - cr^)| + |(7T ® id/) o ^ - J 1 o (1 - d 2 o erg)^) |[/ Q n(7^} 
- {(tt ® id/) o (dl - d 1 o (1 - J 2 o <T a fj \ UanU0 | 

= -{(7T®id/)o(4-4)}, 
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we can see that ((tt (g) id/) o d 1 o d 2 (a a — cr^)| and — |(7r ® id/) o (d* — d^) j define the same element 

in H 2 (C m (Horn' (V 7 F) ® 7)). We can see that the element — {(tt ® id/) o (d* — dp)} defines the same 
element as 

- {(tt ® id/) o ((4 - ^) o ^ - - d*) o r« + (d a - 4) o r ) } 
= {(tt ® id/) o (4 - 4) o (r Q - r^)} e C 2 (Hom(V°, F) ® 7) 

in H 2 (C*(Wom*(F*, 7 1 ) ® /)). Thus is equal to the element given by 

{(tt ® id/) o (dp - d}) o ( Ta - 77,)} € C 2 (Hom(V°, F) ® 7) 
in H 2 (C* (77oto* (V", i* 1 ) ® 7)). On the other hand, the element 0(F) is given by 

{(•7T 7 o ^q)^ 1 O 7T 7 O Vp O TTp O l> a — id/r^j 

in H 2 (£nd(F) ® I), whose image in H 2 (C (Horn' (V , F) ® 7)) is represented by 

{(7T 7 O Va)~ X O TTy O O TTp O U a O -K a — 7T Q } 

= {(7T 7 ^ Q ) _1 (7T 7 ° ^ ° *P ° V ot O 7Tq ~ 7T 7 7TQ,)} 
= {(^7 ° ^ Q ) _1 ° 7T 7 ° O 7T/9 ~ 1) ° ^a} 
= {(tt 7 ° v a y x ott 1 o (-dp O Ta) O (1 - d} a O T Q )} 

= { (7T 7 O l^)" 1 O (7T 7 odjo (r Q - Tp) - 7T 7 O dp O (t q - TJg) O d X a O T a ) } . 

Here we have 

7r 7 o dp o (r a - Tp) od X a OT a 
= TT- f od 1 pO (s" o f-Q ~ sf o f^) o d a o r Q 

= 7T 7 O do O s" O fg O d Q O T Q — 7T 7 O do O sf O fg O (d Q — di) O T Q — 7T 7 O do O sf O fg O do O T a 
= 7T 7 O da O §i O fg O jg O O T Q — 7T 7 O d^g O §f O fg O Zg O p^ O T Q 
= 7T 7 O (Jo O Sj O p 1 O T Q — 7T 7 O (Jo O O pj O T a 

— 7r 7 o d^ o (id — ° ?i) ° T a — 7r 7 o djg o (id — if o ) o r Q 

jl ~a ~a jl ~/3 ~B 

= 7T 7 O d^g O ij OTj O T a — 7T 7 O do O ZjO TjO T Q 

= 7r 7 o d^j o o f" o s" o fg (note that dp o if ~ 0) 
= 0. (note that ^os^ = 0) 

So the image of o(F) in H 2 (C'(W(r,7) ®/)) is 

{(tT 7 ° VaY 1 O 7T 7 O 4 (Tq - T^)} = { (iTj O J/ q ) _1 O 7T 7 O (djg - d*) O (r Q - T#)} 

= {(tt eg) id/) o (4 - d 7 ) o (r Q - Tp)} 
Thus we have the equality f(uj(F)) — o(F). □ 

Remark 2.4. Several authors introduced obstruction classes for the deformation of vector bundles and 
coherent sheaves. For example, [ 2 , Chap 2, Appendix] is a good reference. However, it is not so clear 
that these definitions are all equivalent. 

3. Smoothness and symplectic structure 

Let X be a projective scheme over a noetherian scheme S, which is flat over S. We define a functor 
Splcpxjf/g of the category of locally noetherian schemes to that of sets by putting 



Splcpx x/S (T) := { E' 



E* is a bounded complex of T-flat coherent 
0x T -niodules such that for any ieT. 
E*(t) satisfies the following condition (*) 
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where T is a locally noetherian scheme over S and E* ~ F* if there is a line bundle L on T such that 
E* = F* ® L in D{Xt)- Here D{Xt) is the derived category of 0x T -modules and the condition (*) is 



(*) Ext^t), £'(*)) SS 



if i = — 1 
fc(i) if i = 0. 

Note that we denote E* ® L kit) by E'(t). Let Splcpxw S be the etale sheafification of Splcpx x / S . 

Theorem 3.1. Splcpx^/g is represented by an algebraic space over S. 

(Proof is in [[3], Theorem 0.2]. This result was generalized by Lieblich in [5] for X proper over S.) 

Theorem 3.2. If X is an abelian or a projective K3 surface over an algebraically closed field k, 
Splcpx^ / fe is smooth over k. 

Proof. Take an artinian local ring A over k with residue field k = A/m and an ideal / of A such that 
ml = 0. It is sufficient to show that Sp\cpx x / k (A) — > Splcpx x / k (A/ 1) is surjective. Indeed we can take 
a scheme U locally of finite type over k and a morphism p : U —> Splcpx^ ; fe such that the composite 

U A Splcpx^/j. A- Splcpxw fe is etale and surjective. Take any artinian local ring A over k with residue 
field k = A/m and an ideal I of A such that ml = 0. Take any member x G U(A/I). By the surjectivity 
of Splcpx^y fc (A) — >• Splcpx x r k [A/I), we can take an element y G Splcpx x / fe (A) such that y®A/I = p{x). 

Then i(y) £ Splcpx^y fev A) and i{y) <g> A/I = (t op)(i). Since top : U — >• Splcpx^y fe is etale, there is an 
element z G C/(A) such that z ® A// = x and (t ojj)(z) = Thus {/ is smooth over A;. 
Let E* be an A/7-valued point of Splcpx x y fe . Put E' := E' ®k and 

I' := min{t|ir(£?5 ® L fc(x)) / for some a; G X}. 
We may assume that E* is of the form 

► o — > o — > ^ ^ > v* -A o — ► o • • • , 

where E l is a vector bundle on Xa/i, V % — Vi <g> Ox A// (— Wi) with Vi a finite dimensional vector space 
over k, OxiX) a fixed ample line bundle on X and 1 < mi « mi_i <C • • • <C mp + i. We can see that 
<8> k(x) is not injective for some x £ X . Take a resolution 

>Vi ® Ox A/J (-mi) — > ► <g> 0x A/I (-™i') ^' — ► 0, 

where each Vi is a vector space over k of finite dimension and 

mi' + i <C m P <C • • • <C rrii <C m 4 _! <C • • • . 
We put V 1 = Vi ® Ox A/I (-mi) for i < I and V 4 = for i > I. Let V be the complex 

► y l — ► — ► > y r ^•° 7r > v l ' +1 — ► > ^ o ^ • • • . 

Then there is a canonical quasi-isomorphism 

V — ► 

Put V<? := V ® k. Let 

tr* : Hom'(E',E') Horn* [Horn' (E',E'),O x ) — > Ox 

be the dual of the canonical morphism 

Ox -^nom'(E',E-); 1 h+ id E . . 

Note that tr* = on HomP{E^E^) for p ^ and tr°({x 1 }) = E^-l^tr^) for x l G Hom{E l , E%). 



tr* is also introduced in [[2], Chapter 10]. There is a commutative diagram 

Sl \r~ S2 \,~ 
Rom D{x) (E' ,E' o r ► H a (X,O x y 
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where s 1; S2 are the isomorphisms determined by Grothendieck-Serre duality and the bottom row is the 

5(X)( 



dual of k — H°(Ox) — > Hom fl ( X )(-E'' ^o)> which is bijective since E' is simple. Thus the homomor- 



phism 

E4(^, ^o) Ox) 
is an isomorphism. 

Note that there is a commutative diagram 

Hom'{E l '[-l%I®E*) > Hom{E 1 ' ,I®E 1 ') 

(-l/tr 



Mom'{E',I ®E m ) — 0x®I. 
From the above commutative diagram, we obtain a commutative diagram 

Ext 2 (J5 { ' [-?'], J® #*) — ^— > Ext 2 ^',/®^') 

(ft) °[ (-l)<'ff 2 (tr)_ 

Ext 2 {E\I®E') H 2 {Ox)®L 

Note that the morphism 

Hom(£ ' , E* ) — > Hom(E * , [-/']) 
is not zero, since the image of id by this morphism is the canonical morphism 1 : E' — > Eq [—1'] which 
is not zero because 

H l '{L®k{x)) : ker{d' E . ® k(x)) = H 1 ' (E' ® k[x)) — > H l (E 1 ^ [-/'] ® fc(as)) = E^ ®k{x) 
is not zero. By Grothendieck-Serre duality, we can see that 



i* : Ext 2 (£ ' [-/'], E' ) — > Ext 2 ^',^) 



is not zero. Since Ext 2 (-E* , -E*) = fe, t* is surjective. So the morphism 

a : Vxt 2 (E 1 ' ® £?') — >• Ext 2 ^', J ® E') 

is also surjective. 

Take an obstruction class uj(E') G Ext 2 (E',I ® 2?*) for the lifting of i£* to an A-valued point of 
Splcpx x / fc . Then there is a member ip = [(>*)] G Ext 2 ® E*) such that a(<p) = uj(E m ). Here 

: yi _>. J <g) ^+2 (j < j') and ip 1 = for i > Z'. There is an element 7 = (7*) G Hornby, I ® E*) 
such that 

7 l+1 o 4. + 4J. 1 o 7 ' = <f +1 o <f - (for i > I 1 - 1) 

O d l y-. 2 = 7T O O d 1 '" 2 - /" 2 , 

where d % : Vi ® Ox A {—™i) — > V i+ i ® Oj^(-m i+1 ) is a lift of d y .. We can see that the image of 
ip by the morphism r : F,xt 2 (E 1 ' I ® £") Ext 2 (£: r ,/ ® £ r ) is given by [tt o d 1 ' ~ x o <F -2 ], 
which is just the obstruction class oj(E 1 ). By Lemma T2.31 we have u>(E l ) = o(E l ). We can see that 
H 2 {It:)(o{E 1 )) = o(det(E l )). Since the Picard scheme Picx/k is smooth over k, we haveo(det(i?' )) = 0. 
So we have 

H 2 (ti-)(oj(E-)) = H 2 (tr)(a(cp)) 

= (-lY'H 2 (tr)(r( l p)) 
= (-lfH 2 (tr)(uj(E 1 ')) 
= (-lfH 2 (tr)(o((E 1 '))) 
= o{det{E')) =0. 

Since the morphism 

i? 2 (tr) : Ext 2 (£, I ® E) — ► H 2 (O x ) ® I 
is isomorphic, we have uj(E') — 0. Thus Splcpx^ fc is smooth over fc. □ 

The following theorem is essentially proved in [[5] ,11-10]. We give a proof again. 
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Theorem 3.3. Let X be an abelian or a projective K3 surface over an algebraically closed field k. 
Then Splcpx^/ fe has a symplectic structure, that is, there exists a closed 2-form on Splcpx^ fe which is 
nondegenerate at every point. 

Proof. Note that the tangent bundle T gplcpx 6t on Splcpx^y fe can be considered as the sheaf on the 
small etale site on Splcpx^/ fc defined by 



U ' ^ <jwGSplcpx| /fe (C/ fe[e] ) 



the composite U U k [e\ A Splcpx^ fe 
is the structure morphism U — > Splcpx^ fc 



for any algebraic space U etale over Splcpx^/ fc , where k[e] is the fc-algebra generated by e with e 2 = 
and U -^ Uk[ e ] is the morphism induced by the ring homomorphism 

k[e] — > k; e ^ 0. 

There is an etale covering Ui — > Splcpx^^ such that Ui — > Splcpx^^, factors through Splcpx x / fc , 
that is, there is a universal family Efj. on each X\j i . Let U be an affine scheme etale over ]J i Ui and 
be the pull-back of the universal family. Take any element v G ^s plcpx et (U). Then U k ^ —A Splcpx^y fc 



X/k 

factors through ]J i Ui, since ]J i Ui is etale over Splcpx^/ fc . Let G Sp\cpx x / k (Uk[ e ]) be the pull- 

back of the universal family. We can take a complex V* of the form V 1 — Vi ®o v Ox v {—mi) and a 

k [e] 

quasi-isomorphism V — > E£,^ , where Vi is a locally free sheaf of finite rank on U, Vi — for i > 0, 
Ox(l) is a fixed ample line bundle on X and ■••>«!;> m-i+i ■ ■ ■ ■ Let V be the pull-back of V* 
by X x U > X x U k[e] . Then we obtain an element 



[{4. ~ d v . ® 1}] G i? 1 (Hom(V r, ,efc[e] ® V')) = Ext 1 ^* ,£* 



U7> 



which is independent of the choice of the representative V* . We can see that the mapping v — > [{d y , — 
dy. <g> 1}] defines an isomorphism 

T SpicpxiV. (L/) ^ ^°(^Ext^ /c/ (^,^)). 
For an affine scheme [/ etale over Ui, there is a canonical pairing: 

a c/ :Ext^ /t/ (^,^)xExt^ /c/ (£;*, J B*) — ► Ext^^i?* , ) 

Note that there are canonical isomorphisms 

E ^Xu/u( E u^ E u) ^^Xu/u( E u-: E u) y °u- 
Then we can obtain a pairing 

01 ■ ^Splcpx 1 ^ X T Splcpx^ /fc > ^Splcpx^ 

by patching ct\j . 

Now we will see that a is skew-symmetric. Take any k- valued point p of Splcpx^y fc . p corresponds 
to a complex 

>Vi® Ox(-mi) VS+i ® 0x(-m i+ i) S ► V; ® Ox(-m ; ) — > — »• • • ■ 

We denote this complex by V*. Let us consider the restriction 

a(p) : Ext^V.V) x Ext^V.V) Ext 2 (V, y') S jfe 

of the pairing a. Take any element w = [{«*}] G if 1 (Horn* (V* , V* )) = Ext 1 ^*,"^*) and let V' be a 
member of Splcpxj 5f y fc (fc[e]) which corresponds to v. V* can be given by the complex 

> Vi ® Ox{-mi) ® fc[e] > l^+i ® Ox(-m i+ i) ® fc[e] — >• • • ■ 

Consider the surjection fc[t]/(t 3 ) — > k[e\; t e and the extension 

dV- + tv* : ® Oxi-rrn) ® fc[i]/(t 3 ) — ■* T^+i ® ® fc[*]/(* 3 ) 
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of the homomorphism d l v . + ev l : Vi®Ox(-mi)®k[e] — > V 1+ i®Ox(-m i+ i)®fc[e]. Then the obstruction 
class oj(V') for the lifting of V' to a member of Splcpx x , k (k[t]/(t 3 )) with respect to the surjection 
k[t]/(t 3 ) k[e]; 1 1 y 6 is given by [{(d^. 1 + tv l+1 ) o (d v . + tv*)}] G (t 2 ) ® Ext 2 (V*, V*). However, 
{dfi 1 + tv i+1 ) o (d v . + iv') = d^. 1 o d' y . + t(d J v f . 1 o«« + o 4.) + iV +1 o = t 2 V i+1 o W *. 

Then a(p)(v,v) — v o u = o ?/}] = <x>(V*) = since Splcpx^y fe is smooth over k. 

Next we will see that a is nondegenerate. The canonical isomorphism 

B.Hom(E%,E%) RHom* , E^) v 

induces the composite isomorphism by Grothcndieck-Serre duality 

Ext 1 ^Ext^nHom'i^EfoOxu) Hom(Ext 1 (^, Oy), 

which is just the homomorphism induced by a. Thus a is nondegenerate. 

Finally we will show that a is d-closed. For an affine scheme U etale over UjiTi, take u,v,w G 
T 6t (f )• Let E* G Splcpx x/fe (J7) be the pullback of the universal family. We may assume that 

Splcpx x/fe 

there exists a complex V* of the form V % = Vi ® Oxui—nii) such that V is quasi- isomorphic to E* 
and that Vi are vector spaces of finite dimension over k and nii are integers. Take u G Tjj(U). u can be 
regarded as a derivation Ojj — > Ojj over Ojj, which is canonically extended to a derivation 

D u : V? <g> Vj ® O x {m t - mj) <g> O v — > V, v ® Vj <g> - m 3 ) ® Cy 

fori<j. Wehaved^oA^VO+A^d^WV. =0foranyi. So we have [{A* (4")}] G Ext^V*, V*), 
which corresponds to u by the isomorphism Tu(U) -3- Ext 1 (F*, V). Note that for u,v G Tu(U) we 
have 

a(u,v) = [{A^-VA^.)}] GExt 2 (y.O ^H°(U,Ou). 
For u,v 7 w G Tu(U), we have 

da(u,u,«;) = [{D u (a(u,u;)) +D„(a(«;,u)) + £>„,(a(u, u)) + a(io, [ti,u]) +a([u,w],w) + a(u, [«,w])}] 

= [{AtA^. 1 ) o A,(4.)) + ACA,^ 4 . 1 ) o D u (4.)) + D w {D u {d l +. x ) o A(4-)) 

+D w (d l +. 1 ) o (AA - AA)(4.) + (AA, - A^AXd^. 1 ) o D v {d v .) 

+D u (d$. 1 ) o (D V D W - D w D v )(d v .)}] 
= [{D u D v {d l +. 1 ) o D w {d v .) + D^dy-. 1 ) o D u D w {d v .) + D v D w {d i +. 1 ) o A(d' y .) 

+ A,^. 1 ) o D v D u (d v .) + AuA^. 1 ) o £>„(dV.) + A^. 1 ) O D w D v (dy.) 

+ D w (dty}) o D u D v (d v .) - DUdyT. 1 ) o D v D u (d v .) + D U D W (<?+?) o A(d* y .) 

-£>„,£>„ (d^. 1 ) o £)„(4.) + A^. 1 ) o D v D w (d v .) - D u (<tft) o A^AK-)}] 
= [{£) u D„(d*+ 1 ) o D w (dV.) + D„(d*+ 1 ) o D u D w {d v .) + D v D w (dy^. 1 ) o £>„(dV.) 

+£> w (d' 1 + 1 ) o ^^(dVO + £>„ J D w (d*+ 1 ) o D v (d v .) + Duffi. 1 ) O D v D w (dy.)}] 

= [{D u D v D w {d l +. 1 o dV.)} ~ {D u D v D w {d l +. 1 ) o dV- + dfi 1 o i) u D„fl TO (rf v .)}] 

= [{D u D„D lo (0)}-d{D ti D t ,D 1 „(dV.)}] 
= 0. 

Here note that 

A^A^. 1 °4.) = A(A(A u (dV + . 1 °4.))) 

= D u (D v (D w (d!ft) o 4. + o ^(dV-))) 

= D u (D v D w (dy~. 1 ) o 4. + ^(d^. 1 ) o D v (d v .) 

+D v (d?+. 1 ) o D w (4.) + d% 1 O D v D w (dy.)) 

= D u D v D w {d#}) o dy. + D„D 10 (d*+ 1 ) o D u (dy.) + D u D w (d}+. x ) o 

+ ^(d^.^AAldV.) + fl»fl„(^) o A,(dV.) + A(d^) o D u D w (d v .) 

+ D u (dp-:) o D v D w (d v -) + d^. 1 o D u D v D w (d v .) 
So a is a closed 2-form. □ 
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